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 !1!1 B'?/4.->5& (C.0-*?4$-./0 '/;$'& ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 29
 !- ;03+(0%+'$8 $)5.&+7)68 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! -<
 !2!" D'$)-.;.-* '.0*$.4& E ;$) -&)- (& '$ %'$+,& -4/,*& ! ! ! ! ! ! ! ! ! ! ! ! 2F
 !2! D'$)-/%'$)-.;.-* E ;G'.0(4& )/,) %4&))./0 .0-&40& ! ! ! ! ! ! ! ! ! ! ! ! 9@
 !2!1 H0(/55$?&5&0- ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 91
 != >'$*3)8+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! =?
 !"#$%&"'(! !)*#%'+),
 !" #$%&'()*%+'$
-& %#.(/)"'(! !)*#%'+), 0,. #+)&"'(!. !(! /'!#&'%,. 0) 1%(2/3*, *#4&!'+), ,." 2&.#, .)%
)!, &11%(45, '!4%#*,!"&/, ," )! &/$(%'"5*, '"#%&"'6 0,  !"#$%7 8&%"&!" 0, /& 4(!ﬁ$)%&"'(!
'!'"'&/,: (! (2"',!" )!, .)'", 0, 4(!ﬁ$)%&"'(!. #+)'/'2%#,. ;).+)<= /& 4(!ﬁ$)%&"'(! ﬁ!&/,7 -&
0#",%*'!&"'(! 0, 4,. 4(!ﬁ$)%&"'(!. #+)'/'2%#,. ,." %#&/'.#, 1&% )!, '!"#$%&"'(! .1&"'&/, 0)
1%(2/3*, *#4&!'+), $/(2&/ 1&% /& *#"5(0, 0,. #/#*,!". ﬁ!'. *'>",.: ," )!, '!"#$%&"'(! !)?
*#%'+), /(4&/, 0, /& /(' 4(!."'")"'@,7
-<'!"#$%&"'(! /(4&/, 1,%*," 0, 0#",%*'!,% /<#@(/)"'(! !(! /'!#&'%, 0,. @&%'&2/,.: ,//, !#?
4,..'", A
B )! .45#*& 0, 0'.4%#"'.&"'(! ",*1(%,//, ," )! &/$(%'"5*, 0<'!"#$%&"'(! !)*#%'+), 1,%?
*,""&!" /& 0#",%*'!&"'(! 0,. @&%'&2/,. 0, /& /(' 0, 4(*1(%",*,!" &) 4()%. 0, /& .'*)?
/&"'(! C
B )!, *&"%'4, "&!$,!", 4(!.'."&!", &@,4 4, .45#*&: 0, *&!'3%, = (2",!'% )!, %#.(/)"'(!
0,. #+)&"'(!. 0, 4(!.,%@&"'(! +)' .('" &)..' ,ﬃ4&4, +), 1(..'2/,7
E&!. /& 0,)>'3*, .,4"'(! 0, 4, 45&1'"%,: (! ,>1(., /& *#"5(0, 0,. #/#*,!". ﬁ!'. *'>",.
1()% /& %#.(/)"'(! 0) 1%(2/3*, *#4&!'+), $/(2&/7 F! %&11,//, /,. #"&1,. 0) 1&..&$, 0<)!
.G."3*, 0<#+)&"'(!. &)> 0#%'@#,. 1&%"',//,. ;).+)<&) .G."3*, /'!#&'%, = '!@,%.,%7
E&!. /& "%('.'3*, .,4"'(!: (! .<'!"#%,.., &)> &.1,4". !)*#%'+),. /'#. = /<'!"#$%&"'(! 0, /& /('
0, 4(*1(%",*,!" #/&."(1/&."'+), ,!0(**&$,&2/,: !("&**,!": /, 45('> 0) .45#*& !)*#%'+),:
/, *(0)/, "&!$,!" 4(5#%,!" &@,4 4, .45#*&: ," /<&/$(%'"5*, 0<'!"#$%&"'(!7 -& +)&"%'3*, .,4"'(!
,." 0#0'#, &)> @&/'0&"'(!. 0, 4,. 0#@,/(11,*,!".7
 ! #$%,-&.%+'$ () /&'01234 3,*.$+5)4 -1'0.1
-<'!"#$%&"'(! .1&"'&/, 0,. #+)&"'(!. 0'ﬀ#%,!"',//,. 0) 1%(2/3*, ,." %#&/'.#, 1&% /& *#?
"5(0, 0,. #/#*,!". ﬁ!'.7 E&!. /, 4&0%, 0, /& *(0#/'.&"'(! 0,. $%&!0,. 0#6(%*&"'(!.: 4,"",
*#"5(0, !)*#%'+), 1,)" %,!4(!"%,% 0,. 0'ﬃ4)/"#. 1()% "%&'",% /& +)&.'?'!4(*1%,..'2'/'"# 0,
/<#4()/,*,!" 1/&."'+), 0, /& *&"'3%,7 8()% G %,*#0',%: !(). )"'/'.(!. )!, 6(%*)/&"'(! *'>",
@'",..,?1%,..'(!7
 ! !" #$%%&' (&) *+,$-./0)
-, 1%(2/3*, *#4&!'+), 4(*1/," "%&'"&!" /& +)&.'?'!4(*1%,..'2'/'"# 0,. 0#6(%*&"'(!. #/&."(?
1/&."'+),. 4(*1%,!0 /<#+)&"'(! 0<#+)'/'2%,: = /&+),//, '/ 6&)" %&;()",% /<#+)&"'(! &..(4'#, &)
45&*1 @&%'&2/, 0, 1%,..'(!7 -, .G."3*, (2",!): 0<'!4(!!),. /& @'",.., ," /& 1%,..'(!: .<#4%'" A{
div(s)−∇p = 0
−div(v)− 1χ(1−hw) p˙− hw˙χ(1−hw)2 p = 0
IJ7KL
-<#@(/)"'(! 0,. 4(!"%&'!",. (2#'" = /& /(' 4(!."'")"'@, #/&."(1/&."'+), ,!0(**&$,&2/,: ,>?
1(.#, &) 45&1'"%, 1%#4#0,!"7
MN
 !"#$%&"'(! !)*#%'+),
 ! ! "#$%&'()*#+ ,(*-'. /*).00. 1$.00*#+
-! (."',!" /& 0(%*)/&"'(! 0&'./, 1) 232"4*, 15#+)&"'(! 6789: ,! *)/"';/'&!" ;&% 1,2 0(!<=
"'(!2 ",2"2 ," ,! '!"#$%&!" 2,/(! )!, 0(%*)/, 1,  !""#8 >& 0(%*)/&"'(! *'?", @'",22, ;%,22'(!
25#<%'" A























= 0 ∀q ∈ L2(Ω)
V = {v ∈ (H1(Ω))3; v = v0 2)% ∂vΩ}, V 0 = {v ∈ (H1(Ω))3; v = 0 2)% ∂vΩ}
6787:




H1(Ω) = {u ∈ L2(Ω) / ∂u
∂xi
∈ L2(Ω) i = 1 . . . d}
 ! !2 3*04$5)*0()*#+ 5'5%.+)0 ﬁ+*0
>& 1'2<%#"'2&"'(! #/#*,!"2 ﬁ!'2 <(!2'2", D %&*,!,% /, ;%(./4*, @&%'&"'(!!,/ 1#ﬁ!' 2)% 1,2
,2;&<,2 0(!<"'(!!,/2 <(!"'!)2 V ," L2(Ω) 2)% 1,2 2()2=,2;&<,2 15&;;%(?'*&"'(! 1, 1'*,!2'(!
ﬁ!', VhE V0h ," Qh8 >,2 1#ﬁ!'"'(!2 1, <,2 2()2=,2;&<,2 2(!" 1(!!#,2 ;/)2 /('! 1&!2 <,"", 2,<"'(!8
>, 1(*&'!, Ω ,2" &;;%(<F# ;&% Ωh +)' ,2" 1'2<%#"'2# ,! )!, "%'&!$)/&"'(! (Th)h A Ωh =⋃nt
m=1 Tm (G nt ,2" /, !(*.%, 15#/#*,!"2 1, /& "%'&!$)/&"'(!8
>, ;&%&*4"%, h 61,2"'!# D ",!1%, @,%2 H#%(: 1#2'$!&!" /, ;/)2 $%&!1 1'&*4"%, 1,2 #/#*,!"2
1, ThE ," (! 2);;(2, +), /& 0&*'//, Th ,2" %#$)/'4%, &) 2,!2 2)'@&!" A /, +)("',!" 1) 1'&*4"%,
15)! #/#*,!" +),/<(!+), T ∈ Th ;&% /, 1'&*4"%, 1) <,%</, '!2<%'" ,2" *&I(%# ;&% )!, <(!2"&!",
'!1#;,!1&!", 1, h8
J! ,?;%'*&!" 67: 1&!2 <,2 ,2;&<,2 1, 1'*,!2'(! ﬁ!',E (! (."',!" /& 0(%*)/&"'(! *'?",
1'2<%4", 2)'@&!", A























= 0 ∀qh ∈ Qh
678K:
L <F&+), #/#*,!" 1, /& "%'&!$)/&"'(! (! &22(<', 1,2 0(!<"'(!2 15'!",%;(/&"'(! ;()% &;;%(=
<F,% /,2 '!<(!!),2 1) ;%(./4*, vh ," ph8  / ,2" .',! <(!!) +),E <(!"%&'%,*,!" &)? ;%(./4*,2
#/#*,!"2 ﬁ!'2 &@,< )!, 2,)/, '!<(!!),E /,2 ;%(./4*,2 *'?",2 '!"%(1)'2,!" )!, <(!"%&'!", 2);=
;/#*,!"&'%, 2)% /& <(*;&"'.'/'"# 1,2 ,2;&<,2 15&;;%(?'*&"'(!8 J! ,ﬀ," /5,?'2",!<, ," /5)!'<'"#
1, /& 2(/)"'(! 1'2<%4", (vh, ph) &'!2' +), 2& <(!@,%$,!<, @,%2 /& 2(/)"'(! <(!"'!),E !, 2(!"
KN
 !"#$%&"'(! !)*#%'+),
$&%&!"'- +), -' .,- ,-/&.,- 01&//%(2'*&"'(! 3#%'ﬁ,!" 5& .(!0'"'(! 0, .(*/&"'6'5'"# 0,  !"##$%
 &'()*& 0'-.%7",8 +)' -1#.%'" 9







‖ uh ‖ . ‖ qh ‖ ≥ β :;<=>
?,"", .(!0'"'(! 0, .(*/&"'6'5'"# ,2.5)" .,%"&'!- .@('2 01,-/&.,- 01'!",%/(5&"'(! +)' -,*A
65,%&',!" !&")%,5- :/&% ,2,*/5, 9 P1/P0 () P1/P1><
B,- #5#*,!"- 5,- /5)- %#/&!0)- -&"'-C&'-&!" .,"", .(!0'"'(! -(!" 5, *'!' #5#*,!" (P1+/P1)8
51#5#*,!" 0, +&,-.!%/..0 (P2/P1) D;EF ," 51#5#*,!" 0, 1!.2#"$3%!&4$&!5 (P2+/P1discontinue)<
G&!- !("%, .&-8 !()- )"'5'-(!- 51#5#*,!" *'2", 0, /5)- /,"'" 0,$%# P1+/P1 :ﬁ$)%, ;<H><
 !"# ;<H I J,/%#-,!"&"'(! 0, 51#5#*,!" 9 P1+/P1<
?," #5#*,!" & #"# '!"%(0)'" /&% K%!(508 L%,MM' ," N(%"'! D;OF /()% 0,- #.()5,*,!"- 0,
P"(Q,- '!.(*/%,--'65,-< ?1,-" )! #5#*,!" P1/P1 0(!" (! ,!%'.@'" 51'!",%/(5&"'(! 0, 5& 3'",--,
/&% 51&R()" 01)! 0,$%# 0, 5'6,%"# &--(.'# &) .,!"%, 0, $%&3'"# -)% .@&+), #5#*,!" 0) *&'55&$,<
?,- 0,$%#- 0, 5'6,%"# -)//5#*,!"&'%,- 0#ﬁ!'--,!" )!, C(!."'(! 6)55, +)' -1&!!)5, -)% 5& C%(!A
"'7%, 0, .@&+), #5#*,!" 0) *&'55&$,<
Kﬁ! 01&3('% 5, *S*, (%0%, 01'!"#$%&"'(! /()% 5,- C(!."'(!- 6)55, +), /()% 5,- 3'",--,- ,"
5,- /%,--'(!-8 .@&+), "#"%&70%, Tm ,-" 0#.(*/(-# ,! +)&"%, "#"%&70%,- 0'ﬀ#%,!"- :ﬁ$)%, ;<;>
Tmk k = 1, .., 4 :0(!" 5,- -(**,"- 0, .@&+), -()-A"#"%&70%, -(!" 5, .,!"%, 0, $%&3'"# ," U
!V)0- 0) "#"%&70%, Tm><
UW
 !"#$%&"'(! !)*#%'+),
 !"# -.- / 0#1(*2(3'"'(! 4) "#"%&54%, ,! 6 3()3 "#"%&54%,3.
7!3)'",8 (! '!",%2(9, 9& :(!1"'(! ;)99, 2&% 4,3 :(!1"'(!3 9'!#&'%,3 2&% 3()3<#9#*,!"3 ,!
)"'9'3&!" 4,3 :(!1"'(!3 4, :(%*, =&9&!" 1 &) 1,!"%, 4, $%&='"# b ," 0 3)% 9, ;(%4 4, 9>#9#*,!".
?,3 :(!1"'(!38 !("#,3 Nmk k = 1 . . . (d+ 1)8 3(!" 4#ﬁ!',3 4, 9& *&!'5%, 3)'=&!", ABCD E
Nm1 = 4ξ 3)% 9, 3()3 #9#*,!" (1, 3, 4, b)
Nm2 = 4η 3)% 9, 3()3 #9#*,!" (1, 4, 2, b)
Nm3 = 4ζ 3)% 9, 3()3 #9#*,!" (1, 2, 3, b)
Nm4 = 4(1− ξ − η − ζ) 3)% 9, 3()3 #9#*,!" (2, 3, 4, b)
F,3 :(!1"'(!3 4, ;&3, &33(1'#,3 &)G !H)43 '!",%!,3 (!" )! 3)22(%" +)' 3, 9'*'", I )!
#9#*,!". F,3 4,$%#3 4, 9';,%"# 1(%%,32(!4&!"3 !, 3(!" 9'#3 I &)1)! &)"%, 4,$%# 4, 9';,%"# +),
1,)G 4, 9>#9#*,!" 1(!3'4#%#. ?,9& !()3 2,%*," 4(!1 4>#9'*'!,% 2&% 1(!4,!3&"'(! 9,3 4,$%#3 4,
9';,%"# 4, 9& ;)99, &) !'=,&) #9#*,!"&'%, &=&!" 9>&33,*;9&$,.
7! 2%&"'+), 9& 1(!4,!3&"'(! 3, :&'" $%J1, I 9& 4#1(*2(3'"'(! E vh = uh ⊕ ub K )!, 2&%"',
&33(1'#, I 9>'!",%2(9&"'(! 9'!#&'%, 4,3 =&9,)%3 &)G 3(**,"3 4, 9>#9#*,!" uh ," )!, 2&%"', ;)99,
&) 1,!"%, 4, 9>#9#*,!" ub. L()3 '!"%(4)'3(!3 4(!1 9,3 ,32&1,3 4>'!",%2(9&"'(! 3)'=&!"3 E
Bh = {u ∈ (C0(Ωh))3, u|∂Tm = 0 ∀m = 1, .., nt, u|Tmi ∈ (P1(Tmi))3, i = 1, .., 4}
Vh = {u ∈ (C0(Ωh))3 , u ∈ (P1(Tm))3 , u|∂vΩh = v0 ∀m = 1, .., nt}
V0h = {u ∈ (C0(Ωh))3 , u ∈ (P1(Tm))3 , u|∂vΩh = 0 ∀m = 1, .., nt}
Qh = {p ∈ C0(Ωh) : p ∈ P1(Tm) ∀m = 1, .., nt}
BM
 !"#$%&"'(! !)*#%'+),
-, .%(/01*, 2&%'&"'(!!,0 3'45%," 3,2',!" &0(%4 6
7%()2,% (vlh, v
b


















































= 0 ∀qh ∈ Qh
89:;<
= .&%"'% 3, 0& 3#ﬁ!'"'(! 3, 0?,4.&5, 3?'!",%.(0&"'(! 3,4 @(!5"'(!4 /)00,4 BhA (! .,)" @&5'B
0,*,!" 3#3)'%, 0,4 3,)C .%(.%'#"#4 @(!3&*,!"&0,4 3, 0& @(!5"'(! /)00, vbh 4)'2&!",4 6
• -,4 @(!5"'(!4 /)00,4 4?&!!)0,!" 4)% 0,4 &%D",4 3) *&'00&$,A ,00,4 4?&!!)0,!" 3(!5 4)% ∂ΩhA





• -, 5E&*. /)00, .(4413, 0& .%(.%'#"# +), 4(! $%&3',!" ,4" (%"E($(!&0 F "()" ",!4,)%
5(!4"&!" .&% #0#*,!"A 5, +)' 3(!!, 6∫
Ωh
∇vlh : ∇ubh = 0
G,4 3,)C .%(.%'#"#4 .,%*,"",!" 3, 3#5().0,% 0,4 5E&*.4 '!5(!!)4 vlh ," v
b
h 3, 0& @(%*)0&"'(!
2&%'&"'(!!,00, 3'45%1",A 5,"", @(%*)0&"'(! 3,2',!" &0(%4 6
7%()2,% (vlh, v
b











































= 0 ∀qh ∈ Qh
89:H<
I! &..0'+)&!" )!, .%(5#3)%, 50&44'+), 3, 0& *#"E(3, 3,4 #0#*,!"4 ﬁ!'4A F .&%"'% 3, 0&
3,%!'1%, @(%*)0&"'(! 3'45%1",A (! 5&05)0, 0,4 5(!"%'/)"'(!4 #0#*,!"&'%,4A ,!4)'",A (! 0,4 &44,*/0,
.()% 5(!4"%)'%, 0, 4J4"1*, *&"%'5',0 3) .%(/01*,: -& 5(!"%'/)"'(! #0#*,!"&'%, .,)" 4?#5%'%,






h, ph) = R
vv
e + 0 +R
vp
e − fve = 0
Rbe(v
b















2, 3%(456*, 7'89%," -./01 ,8" !(! 5'!#&'%,: 5;&5$(%'"<*, '"#%&"'= 7,  !"#$% &'()*$% ,8"
)"'5'8# 3()% 8(! '!"#$%&"'(!/ >ﬁ! 7, 9(!8"%)'%, 5,8 9(!"%'4)"'(!8 5(9&5,8 7&!8 5,8 3%(456*,8





(B x ," y #C(5),!" 7&!8 {v, b, p}: ," z #C(5), 7&!8 (vlh, vbh, ph)
2& 8(5)"'(! (vlh, v
b
h, ph) 7) 3%(456*, 7'89%," !(! 5'!#&'%, ,8" *(7'ﬁ#,: D 9<&+), '"#%&"'(!
7,  !"#$% &'()*$%: 3&% )!, 9(%%,9"'(! (δvl, δvb, δp)/ E,"", 9(%%,9"'(! ,8" 5& 8(5)"'(! 7;)!
8F8"6*, &5$#4%'+), $5(4&5 (4",!) 3&% &88,*45&$, 7,8 9(!"%'4)"'(!8 #5#*,!"&'%,8/ E, 8F8"6*,









2,8 =(!9"'(!8 4)55,8 8(!" &88(9'#,8 D 7,8 !H)78 '!",%!,8 8)% 9<&+), #5#*,!" 7) *&'55&$,/
I, 35)8 5,8 =(!9"'(!8 7, =(%*, &88(9'#,8 &)J !H)78 '!",%!,8 (!" )! 8)33(%" +)' 8, 5'*'", D )!
#5#*,!": ," 8(!" 7(!9 !)55,8 8)% 5, 4(%7 7, 9<&+), #5#*,!"/ 2,8 7,$%#8 7, 5'4,%"# 9(%%,83(!7&!"8
!, 8(!" 5'#8 D &)9)! &)"%, 7,$%# 7, 5'4,%"# +), 9,)J 7, 5;#5#*,!" 9(!8'7#%#/ E,5& !()8 3,%*,"
7(!9 7;#5'*'!,% 3&% 9(!7,!8&"'(! 5,8 7,$%#8 7, 5'4,%"# 7, 5& 4)55, &) !'C,&) #5#*,!"&'%, &C&!"
5;&88,*45&$,/ 2(9&5,*,!" !()8 &C(!8 @







E,"", 9(!7,!8&"'(! 5(9&5, 3,%*," 7, %#7)'%, 5,8 9(!"%'4)"'(!8 7) 8()8 8F8"6*, &88(9'# D

















(B Ce = K
bp
e (Kbbe )




,8" 5, 8,9(!7 *,*4%, &88(9'# D 5& *M*, 9(!7,!8&"'(!/
2,8 7,$%#8 7, 5'4,%"# &88(9'#8 &) ",%*, 7, 5& 4)55, 8(!" "("&5,*,!" #5'*'!#8 7) 8F8"6*,
&5$#4%'+), $5(4&5/ 2& 9(!"%'4)"'(! 7&!8 5, 3%(456*, $5(4&5 7, 5& 4)55, ,8" #C&5)#, 5(9&5,*,!"
3&% 9(!7,!8&"'(!/ N! (4"',!" &5(%8 )!, =(%*)5&"'(! *'J", ,! C'",88,O3%,88'(! &C,9 8,)5,*,!"
















2! 3, %&*4!, &'!3' 5 6& %#3(6)"'(! 78)! 9%(:64*, 7'3;%," &<&!" 6,3 *=*,3 7,$%#3 7, 6':,%"#
3&!3 6,3 >(!;"'(!3 :)66,3/ ?8,!%';@'33,*,!" 7, 68,39&;, 78&99%(A'*&"'(! 9&% 7,3 >(!;"'(!3 :)66,3
!)66,3 3)% 6& >%(!"'4%, 7, ;@&+), #6#*,!" 9,%*," 78&33)%,% 6& ;(!7'"'(! 7,  !"##$% &'()*& 3&!3
9()% &)"&!" *(7'ﬁ,% 6& "&'66, 7) 9%(:64*, $6(:&6 3&!3 68,!%';@'33,*,!"/
?& 6'!#&%'3&"'(! 7) 9%(:64*, *#;&!'+), 9&% 68&6$(%'"@*, 7, +",-./ !#;,33'", 6, ;&6;)6
7, 6& 7'ﬀ#%,!"',66, 7, 6& >(!;"'(!!,66, 7) 3<3"4*,/ D! )"'6'3&!" 6& !("&"'(! '!7';',66,E !()3















= L : (ε˙(u)⊗ ε˙(δv))
-./0G1
(H L ,3" 6, *(7)6, "&!$,!" 7#I'&"(%'+),E )! ",!3,)% 78(%7%, 4 -16 ;(*9(3&!",3 ,! 2DE 81





K()% ;(*96#",% 6& 7#ﬁ!'"'(! 7) 9%(:64*, *#;&!'+), -./L1E '6 ,3" !#;,33&'%, 7, ;&6;)6,% ;,
*(7)6, "&!$,!" 7#I'&"(%'+),E ;8,3" 5 7'%, 6& 7#%'I#, 7) 7#I'&",)% 7,3 ;(!"%&'!",3 9&% %&99(%"
&) "&)A 7, 7#>(%*&"'(! ,! ;@&+), 9('!" 78'!"#$%&"'(!/
M()3 ,A9(3(!3 7&!3 6& 3)'", 68'!"#$%&"'(! 7, 6& 6(' 7, ;(*9(%",*,!" &'!3' +), 6, ;&6;)6 7,
;, *(7)6, "&!$,!"/
 !" #$%&'()%*+$ ,- .) .+* ,- /+01+(%-0-$% &.)2%+1.)2%*34- -$5
,+00)'-)6.-
N&!3 ;,"", 3,;"'(! (! 38'!"#%,33, 5 68'!"#$%&"'(! 7, 6& 6(' 7, ;(*9(%",*,!" 7#;%'", &) ;@&O
9'"%, 1/ P,"", '!"#$%&"'(! ,3" !#;,33&'%, 9()% 7#",%*'!,% 68#I(6)"'(! !(! 6'!#&'%, 7,3 I&%'&:6,3
9,!7&!" )! '!;%#*,!" 7, ",*93 [tn, tn+1]/ ?,3 I&%'&:6,3 (e˙
p
n, wn, sn) 3(!" ;(!!),3 5 68'!3"&!" tn/
P(!!&'33&!" en+1 ;&6;)6# 5 9&%"'% 7, 6& I'",33, 5 68'"#%&"'(! 9%#;#7,!",E 68'!"#$%&"'(! !)*#%'+),
;(!3'3", 5 7#",%*'!,% (e˙pn+1, wn+1, sn+1)/
 !"!# $%&'() *+(',-.+/ /0 -*0'1,)0-2* 3/ 4) 42- %2*50-0+0-6/
N, !(*:%,)3,3 *#"@(7,3 !)*#%'+),3 (!" #"# 7#I,6(99#,3 9()% 68'!"#$%&"'(! 6(;&6, 7, 6& 6('
7, ;(*9(%",*,!" #6&3"(96&3"'+),/ ?,3 9%,*'4%,3 3(!" F 6& *#"@(7, 7) 9%#7';",)% "&!$,!" %,"()%
JQ
 !"#$%&"'(! !)*#%'+),
%&-'&. /0123 .& *#"4(-, -, .& !(%*&., *(5,!!, /0123 ," .& *#"4(-, -) 6%#-'7",)% #.&8"'+),
%,"()% %&-'&. /0129
:,8 874#*&8 (!" #"# $#!#%&.'8#8 6&% )!, *#"4(-, -'", θ;*#"4(-, () 6('!" *'.',) $#!#%&.'8#9
<&!8 7, *&!)87%'"3 !()8 )"'.'8(!8 .& θ;*#"4(-, &=,7 θ = 13 7, +)' 7(%%,86(!- > )! 874#*&
-?@).,% '*6.'7'",3 &'!8' +), .& *#"4(-, -) 6%#-'7",)% #.&8"'+), %,"()% %&-'&.9 :,"", -,%!'A%,
,8" .& 6.)8 6%#7'8, 6&%*' .,8 "%('8 *#"4(-,8 7'"#,8 6%#7#-,**,!" /012 B -, 6.)8 7?,8" )! 874#*&
'!7(!-'"'(!!,..,*,!" 8"&C.,9 :, 874#*& 6,%*," -(!7 D
s˙ = (1− θ)s˙n + θs˙n+1 = sn+1 − sn
∆t
EF91GH
I& J(%*)., -) "%&6AK, &66.'+)#, > s˙ = 2µ(1− hw)e˙e − w˙1−hws 7(!-)'" > D

















@! %,*6.&M&!" θ  !" #! $!%&'"( )* )+,-&*, .
sn+1 =









5 6&,,& 78'!,-)* )* !9)',& %! 6)*:-,-)* :& 6)*#-#,!*6&  %!#,-8'&( &, %&# &; "&##-)*# :-#<
6"=,&# :' >'%,- %-6!,&'"  %!#,-8'& &, :& %! $!"-!+%& :?&*:)>>!@&>&*,1 A&%!  &">&, :?76"-"&
%& #B#,=>& #'-$!*,( :?-*6)**'&# sn+1( wn+1 &, λ
pl
n+1 /)' ε˙n+1 4
sn+1 =












wn+1 − wn = ∆tw˙n+1
λpln+1 = (1− hwn+1)ε˙n+1
/012C4
D* -*9&6,!*, %!  "&>-="& 78'!,-)* :' #B#,=>& /012C4 :!*# %! #&6)*:&( &, &*  "&*!*, %!
"!6-*& 6!""7&( *)'# !+)',-##)*# !' #B#,=>& #'-$!*, .{
(1− hwn+1 +∆thw˙n+1)σ0(rn+1) + 3µ∆tλpln+1 −B0 = 0










&.,/ sTn+1 = sn + 2µ(1− hwn+1)∆te˙n+1 %,0%#1,!", 2, 0%#3'/",)% #2&1"'+),4









σ0(rn+1) + 3µ(1− hwn+1)∆tε˙n+1 −B0 = 0






(- rn+1 = (1− hwn+1)(ε˙n +∆tε˙n+1)
<, 1=1">*, 3?'!/(!!),1 8wn+1 ," ε˙n+1; ,1" !(! 2'!#&'%,4  2 ,1" %#1(2) ," ,1" 2'!#&%'1# 0&%
)! 1/@#*& '"#%&"'A 3, B,C"(!4 <,2& !#/,11'", 2, /&2/)2 3, 2& *&"%'/, D&/(6',!!, E 0&%"'% 3,1



















































J!1)'", λpln+1 ,1" (6",!) 0&% 7
λpln+1 = (1− hwn+1)ε˙n+1 8949K;
L, 3#.'&",)% 3,1 /(!"%&'!",1 ,1" 3(!!# 0&% 7
sn+1 =














 !"#$%& '# ()%*+$,# -%./0!1%#
-.'!"#$%&"'(! /, 0& 0(' /, 1(*2(%",*,!" 3.,ﬀ,1"), 5 16&+), '"#%&"'(! /,  !"#$% /, 0&
%#3(0)"'(! /) 2%(708*, $0(7&09 :,"", '!"#$%&"'(! /('" ;"%, 2%#1'3, 2()% %,32,1",% &) *',)< 0,3
#+)&"'(!3 /, 0& 0(' 1(!3"'")"'=, ," !, /('" 2&3 ;"%, 1(>",)3, ,! ",*23 12) 2()% !, 2&3 2#!&0'?
3,% 0, ",*23 /, 0& %#3(0)"'(! $0(7&0,9 @&!3 1,"", (2"'+),A !()3 &=(!3 #")/'# "%('3 !'=,&)< /,
1()20&$, !)*#%'+), ,!"%, 0& /#B(%*&"'(! 20&3"'+), ," 0.,!/(**&$,*,!"9 C()3 &=(!3 /#ﬁ!'
1,3 *(/,3 /, 1()20&$, 1(**, 3)'" E
F9 0, 2%,*',% !'=,&) /, 1()20&$, ,3" &22,0# E ()%*+$,# 2)039  0 1(!3'3", 5 %#3()/%, 0,
3G3"8*, !(! 0'!#&'%, HI9IJK &=,1 3,3 /,)< '!1(!!),3 H0.,!/(**&$,*,!" ," 0, "&)< /,
/#B(%*&"'(! 20&3"'+),K9 :,"", '!"#$%&"'(! 3.,ﬀ,1"), 5 16&+), 2('!" /.'!"#$%&"'(! 2()%
"()", '"#%&"'(! /, C,L"(! 2()% 1&01)0,% 0& 1(%%,1"'(! /) 2%(708*, *#1&!'+), $0(7&0 M
I9 0, /,)<'8*, !'=,&) ,3" &22,0# E ()%*+$,# !-3#0./'!$!0#9 -, 3G3"8*, HI9IJK ,3" %#/)'"
5 )!, 3,)0, #+)&"'(! &=,1 0, "&)< /, /#B(%*&"'(! 20&3"'+), 1(**, '!1(!!),9 -& =&0,)%
2%#1#/,!", /, 0& =&%'&70, /.,!/(**&$,*,!" ,3" )"'0'3#, 2()% 0& %#/)1"'(! /, 1, 3G3?
"8*,9 N!3)'",A 0& =&0,)% /, 0.,!/(**&$,*,!" ,3" &1")&0'3#, 5 2&%"'% /, 0& 3(0)"'(! /,
1, 3G3"8*, %#/)'" M
O9 0, "%('3'8*, !'=,&) ,3" &22,0# ()%*+$,# 2$!4+#9  0 ,3" 3'*'0&'%, &) 1()20&$, '!",%*#/'&'%,
6(%*'3 0& *'3, 5 P()% /, 0.,!/(**&$,*,!" +)' ,3" ,ﬀ,1")#, 5 0& ﬁ! /, 0.'!1%#*,!" /,
",*23 ," !(! 2&3 5 16&+), '"#%&"'(! /, C,L"(!9
 !"! #$%&'()*& ('+,)+( -./%&)+(
@&!3 1,"", 2&%"',A (! 3.'!"#%,33, &) 1&01)0 /, 0.(2#%&",)% "&!$,!" /(!!# 2&% HI9FQK9 R()%
3.&33)%,% /.)!, 1(!=,%$,!1, ,ﬃ1&1,A '0 ,3" '*2(%"&!" /.)"'0'3,% )! (2#%&",)% "&!$,!" 1(!3'3"&!"
&=,1 0, 316#*& /.'!"#$%&"'(! /, 0& 0(' /, 1(*2(%",*,!" TOIA OOU9 C()3 /#=,0(22(!3 /(!1 )!,
,<2%,33'(! &!&0G"'+), /, 0.(2#%&",)% "&!$,!" 1(6#%,!" &=,1 0, 316#*& /.'!"#$%&"'(! 2%#3,!"# 5











(I4 − I2 ⊗ I2)
HI9IWK
(X (I4)ij,kl = δikδjl A (I2 ⊗ I2)ij,kl = δijδkl
R()% 1(!"'!),% 0, 1&01)0 /, 0.(2#%&",)% "&!$,!"A !()3 &=(!3 7,3('! /, %&22,0,% +),0+),3





























































3µσ0λn+1 + (B0 − 3µ∆tλn+1)λn+1 ∂σ0∂r + σ20hw˙n+1
sn+1
-./2.1
5,6 7#%'8&"'(!6 6(!" ,!6)'", )"'9'6#,6 :()% 9& 7#%'8&"'(! 7, sn+1 :&% %&::(%" ; e˙n+1 <
∂sn+1
∂e˙n+1
= 2µ(1− hwn+1)2∆t σ0
B0














































































= 2µ(1− hwn+1)2∆t σ0
B0
I





























4! %#5)*#6 78,9:%,55'(! ;, 7& *&"%'<, "&!$,!", ,5" ;(!!#, :&% =







− 2µ∆tcsn+1 ⊗ sn+1 ./01>3
?& *&"%'<, "&!$,!", @)77, Lb = ∂s(v
b)
∂ε˙(vb)
,5" !#<,55&'%, :()% <&7<)7,% 7,5 <(!"%'@)"'(!5 7(<&7,5
;,5 ",%*,5 ;, 7& @)77, . /0AB3 ," . /0AA3 ;&!5 7, 5C5"D*, $7(@&7 . /0A/30 E7'&$& F12G & *(!"%#
+), <,"", *&"%'<, ,5" #$&7, H 7& :&%"', 7'!#&'%, ;, 7& *&"%'<, "&!$,!", ./01>3 =








 !"!" #$%&'()*+, -.(/)0%'1)(&/ $&21$,
J! <(!5';D%, 7& i !"# '"#%&"'(! ;, K,L"(!MN&:O5(! :()% :&55,% ;, 78'!<%#*,!" n H 78'!<%#M
*,!" n+ 10 ε˙(vi) ,5" <&7<)7#, H :&%"'% ;, 7& P'",55, H 78'"#%&"'(! :%#<#;,!",0 ?& ;#",%*'!&"'(!
;,5 &)"%,5 P&%'&@7,5 58,ﬀ,<"), <(**, 5)'" =
• (! <&7<)7, = e˙ = ε˙(vi)− 1d trε˙(vi)I
• (! <&7<)7, = Bi0 =
√
2
3 [sn + 2µ∆t(1− hwi−1n+1)e˙in+1] : [sn + 2µ∆t(1− hwi−1n+1)e˙in+1]
• :%#;'<",)% #7&5"'+), <(%%,<",)% :7&5"'+), =
R 5' (1− hwin+1)σ(ri−1n+1) > Bi0 7& ;#S(%*&"'(! ,5" :)%,*,!" #7&5"'+), =
ε˙
i










n+1 &P,< )!, ;,5 *#"O(;,5 ;, <():7&$, ;#<%'",5 :%#<#;,**,!"0
• (! <&7<)7, 7, *)7"':7'<&",)% :7&5"'+), = λplin+1 = (1− hwin+1)ε˙in+1
• (! <&7<)7, sin+16 Li ," Lbi :&% 7,)%5 ,9:%,55'(!5 ./0/I36 ./01>3 ," ./01I3 T
• ﬁ!&7,*,!"6 <(!!&'55&!" sin+16 Li ," Lbi
pi+1n+1 ," v
i+1




-()",. /,. %,/&"'(!. +), !(). &0(!. #"&1/',. 2()% )!, /(' #/&."(32/&."'+), ,!4(**&$,&1/,5
.(!" 0&/&1/,. 6
7 4&!. /, 8&. 4, /9#/&."'8'"# /'!#&'%, 6 (! 8(!.'4:%, +), /& 4#;(%*&"'(! ,." 2)%,*,!" #/&.3
"'+),5 (! %,"%()0, 1',! /& /(' 4,  !!"# %,/'&!" /, ",!.,)% 4,. 8(!"%&'!",. ," 8,/)' 4,.
4#;(%*&"'(!. 6 sn+1 = sn + 2µ∆te˙n+1<
=! %,"%()0, &)..' /9,>2%,..'(! 4) *(4)/, "&!$,!" 6 L = 2µ∆t(I4− 1dI2⊗ I2) +)9(! 2,)"
(1",!'% 4'%,8",*,!" 2&% 4#%'0&"'(! 4, /& /(' 4,  !!"# ?
7 4&!. /, 8&. #/&."(32/&."'+), &0,8 #8%()'..&$, '.("%(2, 6 ,! *,""&!" @w = 0 ," w˙ = 0A5
(! %,"%()0, /,. #+)&"'(!. 4, /9#/&."(32/&."'8'"# &0,8 #8%()'..&$, '.("%(2, %&22,/#,. &)
8B&2'"%, 2%#8#4,!" &'!.' +), /9,>2%,..'(! 4) *(4)/, "&!$,!" 8(B#%,!" &0,8 /, .8B#*&
49'!"#$%&"'(! 2()% )!, &22%(8B, #/#*,!". ﬁ!'. *'>", 0'",.., 2%,..'(! DEFG<
H,. 4#0,/(22,*,!". 2%#.,!"#. 2%#8#4,**,!" 2()% /& /(' 8(!."'")"'0, #/&."(2/&."'+), ,!3
4(**&$,&1/, (!" #"# '!"#$%#. I /& /'1%&'%', $%&'%( &ﬁ! 4, /9&4&2",% &) 8&/8)/ 4, ."%)8")%,
&0,8 ,!4(**&$,*,!"<
H& 4#*&%8B, 4, 0&/'4&"'(! *'., ,! 2/&8, & 8(!.'."# I 0&/'4,% /,. %#.)/"&". !)*#%'+),. 4&!.
/, 8&4%, 4, /9#/&."'8'"# /'!#&'%,5 2)'. 2()% /9#/&."(2/&."'8'"# &0&!" 4, 2&..,% I /9,!4(**&$,*,!"<
 !" #$%&'$(&)*+ *,-./&0,1+
J0&!" 49&1(%4,% /& 0&/'4&"'(! 2()% /& /(' 4, 8(*2(%",*,!" #/&."(2/&."'+), ,!4(**&$,&1/,5
!(). &0(!. ,ﬀ,8")# 4,. 0&/'4&"'(!. 4&!. /, 8&. 4, /9#/&."'8'"# /'!#&'%, @2&% ,>,*2/,5 8(*2&%&'.(!
4, /& .(/)"'(! &22%(8B#, ," /& .(/)"'(! &!&/L"'+), 4&!. /, 8&. ",." 49)!, 2/&+), "%()#, ,!
"%&8"'(! )!'3&>'&/,A< M!.)'",5 !(). &0(!. 2%(8#4# I 4,. 0&/'4&"'(!.5 4&!. /, 8&4%, 4, /9#/&."(3
2/&."'8'"#5 ,! ;&'.&!" 4,. 8(*2&%&'.(!. 4, /& .(/)"'(! &!&/L"'+), ," 4, /& .(/)"'(! !)*#%'+),<
'()(* +,#-./0/.1 ,/21#/$! 3 0#- .!-. 4! ,# 5,#%&! .$6&1!
=! 8(!.'4:%, /, 2%(1/:*, NO 49)!, 2/&+), *'!8, "%()#, &) 8,!"%, ," .()*'., I )! 8B&%3
$,*,!" 4, "%&8"'(! )!'3&>'&/,< H& 2/&+), ,." %,8"&!$)/&'%, ," /, "%() ,." )! 8,%8/, 4, 8,!"%,
@P5PA ," 4, %&L(! 1< Jﬁ! 4, 8(*2&%,% /9&22%(>'*&"'(! !)*#%'+), ," /& .(/)"'(! &!&/L"'+),5
(! 8(!.'4:%, +), 8,"", 2/&+), ,." )!, 2&%"', 49)!, 2/&+), '!ﬁ!', ,! "%&8"'(! )!'3&>'&/,< Q().
4'.2(.(!. &'!.' 4, /& .(/)"'(! &!&/L"'+), 2()% /,. #+)&"'(!. 4, /9#/&."'8'"# /'!#&'%, 4&!. /&
2/&+), ﬁ!', 2&% %,."%'8"'(! 4, 8,//, 4, /& 2/&+), '!ﬁ!', 4(!!#, 2&% @N<ERA ," @N<ESA<








































[r(2ν − 1 + cos(2θ)) + a
2
r














(r, θ) 2(!" 3,2 .((%1(!!#,2 0(3&'%,2 14)! 0('!" 1) 1(*&'!,? a ,2" 3, %&@(! 1) "%()? ,"
σ∞( ,! MPa> ,2" 3, ./&%$,*,!" '*0(2#;
-& 03&+), '!ﬁ!', ,2" 2)00(2#, 2()*'2, A 1,)7 B(%.,2 (00(2#,2 1, "%&."'(! 2)% 2,2 1,)7
.C"#2 1%('" ," $&)./,; -,2 &)"%,2 D(%12? .4,2" A 1'%, 3, .C"# /&)"? 3, .C"# D&2 ," 3, D(%1 1)
"%() 2(!" 2)00(2#2 3'D%,2; -& 03&+), ,2" 2)00(2#, %,2",% 1&!2 3, 1(*&'!, 1, 34#3&2"'.'"# &E,.
)! *(1)3, 14F()!$ E = 210000MPa? 3, .(,ﬃ.',!" 1,  !"##!$ ν = 0.3? ," 3& .(!"%&'!",
,7"#%',)%, &003'+)#, σ∞ = 500MPa; -& !&")%, 1) 0%(D3H*, 0,%*," 1, %#1)'%, 34#")1, 0&%
2@*#"%', 2)% )! +)&%" 1, 3& 03&+),;
 !"# :;< I J3&+), *'!., ,! "%&."'(! )!'6&7'&3,;
K! ./&!$,*,!" 1, E&%'&D3, ," )!, %,2"%'."'(! 1, 3& 2(3)"'(! 2)% 3& 03&+), '!ﬁ!', !()2
0,%*," 14(D",!'% )!, %,2"%'."'(! &!&3@"'+), 2)% 3, *&'33&$, 1, 3& 03&+), ﬁ!',;
K!, 2(3)"'(! !)*#%'+), 0&% !("%, &00%(7'*&"'(! #3#*,!"2 ﬁ!'2 *'7", & #"# .&3.)3#,; -,2
E&3,)%2 1, 3& %,2"%'."'(! &!&3@"'+), 2)% 3,2 D(%12 1, 3& 03&+), ﬁ!', (!" #"# )"'3'2#,2 .(**,
.(!1'"'(!2 &)7 3'*'",2 2)% 3,2 1#03&.,*,!"2;
L()2 1'20(2(!2 1(!. 14)!, 2(3)"'(! !)*#%'+), ," &!&3@"'+), 1,2 #+)&"'(!2 1, 34#3&2"'.'"#
3'!#&'%, 2)% 3& 03&+), ﬁ!',; -,2 ﬁ$)%,2 9:;M>? 9:;N> ," 9:;O> 0%#2,!",!" 3,2 .(*0(2&!",2 1)
",!2,)% 1,2 .(!"%&'!",2 &!&3@"'+),2 ," !)*#%'+),2 2)% 3,2 D(%12 1, 3& 03&+),; P,2 %#2)3"&"2
*(!"%,!" +), !("%, &00%(7'*&"'(! #3#*,!"2 ﬁ!'2 0,%*," 14&E('% )!, D(!!, 0%#.'2'(! 0()% 3,2
0%(D3H*,2 14#3&2"'.'"# 3'!#&'%,;
-, *&'33&$, "%'&!$)3&'%, )"'3'2# .(!"',!" O<:Q< !R)12 ," S:NMQN #3#*,!"2;
MT
 !"#$%&"'(! !)*#%'+),
 !"# -./ 0 1,2 3(*4(2&!",2 σxx, σyy ," σxy 5) ",!2,)% 5, 3(!"%&'!",2 &!&67"'+), (P0− AN)
," !)*#%'+), (Num) 2)% 68&9, :;.
 !"# -.< 0 1,2 3(*4(2&!",2 σxx, σyy ," σxy 5) ",!2,)% 5, 3(!"%&'!",2 &!&67"'+), (P0− AN)
," !)*#%'+), (Num) 2)% 68&9, :=.
 !"# -.> 0 1,2 3(*4(2&!",2 σxx, σyy ," σxy 5) ",!2,)% 5, 3(!"%&'!",2 &!&67"'+), (P0) ,"
!)*#%'+), (Nu) &) ?(%5 5) "%().
 !"#$ #$ %&$''$"'
:! 28'!"#%,22, @ 68#")5, 5, 68,2"'*&"'(! 58,%%,)% 5), @ 6& 5'23%#"'2&"'(! 4&% 6& *#"A(5, 5,2
#6#*,!"2 ﬁ!'2. C(',!" v ," vh %,24,3"'D,*,!" 6, 3A&*4 5,2 5#46&3,*,!"2 ,9&3" ," #6#*,!"2
ﬁ!'2 2(6)"'(!2 5) 4%(?6E*,. 68,%%,)% 4(!3"),66, #6#*,!"2 ﬁ!'2 28#3%'" F
euh = v − vh
/G
 !"#$%&"'(! !)*#%'+),
-, .& */*, *&!'0%, (! 1#ﬁ!'" .3,%%,)% &) 4,!"%, 1, 45&+), #.#*,!" 6)% ., 45&*7 1, 4(!"%&'!",6 8
eσh = σ − σh








-&!6 ., 4&6 13)!, &77%(9'*&"'(! #.#*,!"6 ﬁ!'6 1, 1,$%# k ," 13)!, 6(.)"'(! ,9&4", u 6):;
ﬁ6&**,!" %#$).'0%, (u ∈ Hk+1(Ω))< (! & .& *&=(%&"'(! 1, .3,%%,)% ,! !(%*, L2(Ω) 6)'>&!", 8
||u− Phu||L2(Ω) < Chk+1
(? h ,6" .& .(!$),)% 1) 7.)6 $%&!1 4@"# 13#.#*,!"6 1) *&'..&$,< C ,6" )!, 4(!6"&!", '!1#7,!;
1&!", 1, h ," (? Phu ,6" .3'!",%7(.# 7(.A!@*'&. 1, 1,$%# k 1, uB
C& %#6(.)"'(! 1) 7%(D.0*, & #"# ,ﬀ,4")#, 6)% 7.)6',)%6 *&'..&$,6 "%'&!$).&'%,6 )!':(%*,6 1,
.& 7.&+),B C& ﬁ$)%, FGBHI 7%#6,!", .,6 >&%'&"'(!6 1, .3,%%,)% 13&77%(9'*&"'(! 7()% .,6 45&*76
1, 1#7.&4,*,!"6 ," 1, 4(!"%&'!",6 ,! :(!4"'(! 1, .& "&'.., 1, *&'..,B
 !"# GBH J K $&)45, F%,67 L 1%('",I .& 4()%D, %,7%#6,!", .& !(%*, L2(Ω) 1, .3,%%,)% "("&., 1,6
1#7.&4,*,!"6 F%,67 4(!"%&'!",6I ,! :(!4"'(! 1, .& "&'.., 1, *&'..,B
-&$$*'"%#+*
C& 4()%D, %,7%#6,!"&!" .3,%%,)% 1,6 4(!"%&'!",6 ," 6& %#$%,66'(! .'!#&'%, 6(!" D',! 4(%%#.#,6
&>,4 )! 4(,ﬃ4',!" 1, 1#",%*'!&"'(! "%06 7%(45, 1, N< 4,"", ,%%,)% 1#4%(O" 1(!4 .'!#&'%,*,!" ,!
:(!4"'(! 1, .& "&'.., 1, *&'..,B P()% .,6 1#7.&4,*,!"6 (! %,*&%+), +), .3,%%,)% 1#4%(O" 4(**,
)!, :(!4"'(! o(h2)< (? h ,6" .& "&'.., 1, *&'..,B Q! 4(!4.)" +), .3&..)%, $#!#%&., 1, .& !(%*,
1, .3,%%,)% 4(**'6, 7()% .3&77%(9'*&"'(! 1,6 1#7.&4,*,!"6 ," 1,6 4(!"%&'!",6 4(!4(%1, D',!
&>,4 .,6 %#6)."&"6 &!&.A"'+),6B
RS
 !"#$%&"'(! !)*#%'+),
 !"! #$%&'()$%&'*+*', - +.$*/012 &(3& )12&&*(/ */'21/2
-& .&/'0&"'(! 0, /1&22%(34, #/#*,!"5 ﬁ!'5 &.,3 )!, /(' #/&5"(2/&5"'+), & #"# ,ﬀ,3")#, 5)%
/, 3&5 ",5" 01)! 38/'!0%, '!ﬁ!' 5()5 2%,55'(! '!",%!, 9:;<=
4.$*/012 &(3& )12&&*(/ */'21/2
>('" )! 38/'!0%, '!ﬁ!' 01&?, Oz@ 4(*($A!,@ 0, %&8(! '!"#%',)% a = 100mm@ 0, %&8(!
,?"#%',)% b = 300mm= -, *&"#%'&) +)' /, 3(!5"'"), ,5" #/&5"'+), 2&%B&'",*,!" 2/&5"'+),@ C
#/&5"'3'"# /'!#&'%, '5("%(2, (E = 200000MPa; ν = 0.3;σe = 500MPa)@ &8&!" 2()% 3%'"A%, 0,
2/&5"'3'"# /, 3%'"A%, 0,  !" #$%&%=
D! 5()*," /, 38/'!0%, C )!, 2%,55'(! '!"#%',)%, !(%*&/, )!'B(%*, pi = 500MPa@ /& 2&%('
,?"#%',)%, ," /,5 ,?"%#*'"#5 0) 38/'!0%, 5(!" 5)22(5#,5 /'E%,5=
 !"# F=G H I#(*#"%',@ 34&%$,*,!" &22/'+)# ," J(!, 2/&5"'ﬁ#, 01)! 38/'!0%, 5()*'5 C )!,
2%,55'(! '!",%!,=
K! #/#*,!" 0) 38/'!0%, !, 2,)" +), 5, *().('% %&0'&/,*,!" C 3&)5, 0, /& 58*#"%', 0, /&
34&%$, ," 0, /& $#(*#"%',= L,/& '*2/'+), +), /& 5,)/, 3(*2(5&!", !(! !)//, 0) 0#2/&3,*,!" ,5"
ur M'/ 51&$'" 0(!3 01)! 2%(E/A*, 0, 0#B(%*&"'(!5 2/&!,5N= -& 2/&5"'ﬁ3&"'(! 3(**,!3, C 2&%"'%
0, /& B&3, '!"#%',)%,@ 5, 0#.,/(22, C 2&%"'% 0, 3,"", B&3,@ ," (33)2, )! .(/)*, a < r < rc@ (O rc
,5" )!, B(!3"'(! 0, pi MF=PQN= -& J(!, rc < r < b ,5" #/&5"'+),= -& 5(/)"'(! &!&/8"'+), M34&*25
0,5 3(!"%&'!",5 MF=:R ," F=P:N ," 0,5 0#2/&3,*,!"5MF=PS ," F=PPN ,! 3((%0(!!#,5 38/'!0%'+),
,5" 0(!!#, 2&% 9:T< U
5($3'*(/ 0%/& $% 1,6*(/ ,$%&'*732 (rc ≤ r ≤ b)































(1− 2ν + b
2
r2
)r, uθ = 0, uz = 0; MF=PSN
;S
 !"#$%&"'(! !)*#%'+),
-,. /,)0 1&%&*2"%,. rc ," pc = p(r = rc) .3,01%'*,!" ,! 4(!5"'(! /,. /(!!#,. /) 1%(6-2*,




















 !"#$%!& '(&) "( *+,%!& -"()$%.#/ (a ≤ r ≤ rc)




































, uθ = 0, uz = 0; 9:;<<>
A, 1%(6-2*, #"&!" *(!(/'*,!.'(!!,- .)'7&!" r? (! & ,ﬀ,5")# -& %#.(-)"'(! !)*#%'+),
.,)-,*,!" .)% )!, 1(%"'(! 8 (h = 2mm, 0 ≤ θ ≤ pi2 , a ≤ r ≤ b)
0+)#"$($)
A& .'*)-&"'(! !)*#%'+), & #"# ,ﬀ,5")#, &7,5 )! *&'--&$, /, @D@ED "#"%&2/%,.; A,. ﬁ$)%,.
.)'7&!",. 9G'$; :;H> ," 9G'$; :;=I> 1%#.,!",!" -,. /'ﬀ#%,!". %#.)-"&". &'!.' (6",!).;
 !"# :;H J A,. '.(7&-,)%. /, -& 5(*1(.&!", ux /,. /#1-&5,*,!". (6",!),. 1&% .(-)"'(! &!&-KL
"'+), 9M $&)5B,> ," 1&% &11%(0'*&"'(! NG 9M /%('",>
E=
 !"#$%&"'(! !)*#%'+),
 !"# -./0 1 2,3 '3(4&5,)%3 6, 5& 7(*8(3&!", σxx 6,3 79&*83 6, 7(!"%&'!",3 (:",!),3 3(5)"'(!
&!&5;"'+), <= $&)79,> ," 8&% &88%(?'*&"'(! @A <= 6%('",>
2& 7(*8&%&'3(! 6,3 7&%",3 6,3 '3(4&5,)%3 6, 5& 7(*8(3&!", ux 6) 79&*8 6, 6#85&7,*,!"3
," 6, 5& 7(*8(3&!", σxx 6) 79&*8 6, 7(!"%&'!",3 *(!"%, +), !("%, &88%(?'*&"'(! #5#*,!"3
ﬁ!'3 ,3" &33,C 8%#7'3, 8()% 5,3 79&*83 6, 7(!"%&'!", ," 6, 6#85&7,*,!".
 !"#$ %& '(!)*+ﬁ-!*+#$
2, %&;(! 6, 85&3"'ﬁ7&"'(! &!&5;"'+), ,3" 6#ﬁ!' 8&% 5D#+)&"'(! <-.E/>. @! %#3(54&!" 7,"",
#+)&"'(!F 5, %&;(! 6, 85&3"'ﬁ7&"'(! &!&5;"'+), (:",!) ,3" G rc = 168.99mm 
!"#$ #%&'( "))'%*+,"&+%# -.-,(#&$ ﬁ#+$ .($ 0%#&'"+#&($ $%#& 1-ﬁ#+($ )"' -.-,(#&2 .( &($&
1( )."$&+ﬁ0"&+%# $( 3"+& 1%#0 )%4' 05"64( -.-,(#& !"#$ .($ -.-,(#&$ 1%#& ." 1+$&"#0( (#&'(
.(4' 0(#&'( 1( 7'"8+&- (& .( )%+#& O(0, 0) ($& +#3-'+(4' 9 168mm ." 0%#1+&+%# 1( )."$&+ﬁ0":
&+%# r < rc ($& 8-'+ﬁ-(2 )"' 0%#&'( $+ 0(&&( 1+$&"#0( ($& $4)-'+(4'( 9 171mm ." 0%#1+&+%# 1(
1-3%',"&+%# -."$&+64( rc < r ($& 8-'+ﬁ-(2 %# ($& ".%'$ 1"#$ ." ;%#( -."$&+64( <($ '-$4.&"&$
#4,-'+64($ 0%#0%'1(#& 1%#0 =+(# "8(0 ." $%.4&+%# "#".>&+64( <" ﬁ74'( ?@+7 A BBC ,%#&'( ."
;%#( )."$&+64( %=&(#4( $4' .( ,"+.."7( 




-,. %#.)/"&". .(!" 0(!0/)&!". 1()% /2#/&."'0'"# ," 1()% /2#/&."(1/&."'0'"#3 4,/& 1%#.,!", )!,
1%,*'5%, 6&/'7&"'(! 7,. 7#6,/(11,*,!". ,81(.#. 1%#0#7,**,!" ," 7, /,)% '*1/#*,!"&"'(!
'!9(%*&"'+),3 4,. 6&/'7&"'(!. (!" 1,%*'. 72&6('% )!, &..)%&!0, 1()% /, 1&..&$, : /& /(' 0(!."';
")"'6, #/&."(1/&."'+), ,!7(**&$,&</,3 =(). 6,%%(!. 7&!. /, %,.", 7) *&!).0%'" 7,. 0&. 7,
6&/'7&"'(! 1()% /2,!7(**&$,!"3
 !"!# $%&'(()*+(+%,
=(). 6,%%(!. 7&!. /, 0>&1'"%, .)'6&!" +), /2&11%(8'*&"'(! #/#*,!". ﬁ!'. &6,0 ,!7(*;
*&$,*,!" !#0,..'", 7,. &*#/'(%&"'(!. .)11/#*,!"&'%,. 1()% &6('% )!, 1%#7'0"'(! %#,//, 7,
/2#6(/)"'(! 7, /2,!7(**&$,*,!" @%#$)/&%'.&"'(! 7) 1>#!(*5!, 7, /(0&/'.&"'(!A3 B! ., /'*'",
7&!. 0,"", 1&%"', 7, 6&/'7&"'(! : /& 0(*1&%&'.(! 7,. "%('. !'6,&)8 7, 0()1/&$, 7#ﬁ!'. 1%#0#;
7,**,!" .)% )! 0&. 7, "%&0"'(! .'*1/,3
 !" #$"# %$ #&!'#()* "(+,-$
B! 0(!.'75%, )! 0&. 7, "%&0"'(! .'*1/, 72)!, 1/&+), 1/&!, ﬁ$)%, C3DC3 -, 0(!"&0" ,!"%,
/& 1/&+), ," /,. ()"'/. ,." 0(!.'7#%# <'/&"#%&/ 0(//&!"3 B! '*1(., : /& 1/&+), )! 7#1/&0,*,!"
6,%"'0&/ u = 0.875mm 7&!. )! '!",%6&//, 7, ",*1. [0, 0.875s] &6,0 )! 1&. 7, ",*1. )!'9(%*,
∆t = 0.005s3 B! 0(!.'75%, )! *&'//&$, "%'&!$)/&'%, )!'9(%*, 7, /& 1/&+), &6,0 )!, "&'//, 7,
*&'//, h = 0.12mm3
 !"# C3DC E F#(*#"%', @**A ," 0(!7'"'(!. &)8 /'*'",.
-& 1/&+), ,." 0(!."'")#, 72)! &//'&$, 72&/)*'!')* &6,0 /,. 1&%&*5"%,. *&"#%'&) 1%#.,!"#.




6&.., 7(4)*'+), ρ 2700kg/m3
6(8)4, 89#4&."'/'"# E 70000MPa
:(,ﬃ/',!" 8, <('..(! ν =>?
@/%()'..&$, '.("%(0, σ0(r) 596(10
−4 + r)0.31 MPa
A!8(**&$,*,!" /%'"'+), B %)0")%, wc C
1,)'4 8, 8#D(%*&"'(! εd =
<&%&*E"%, 89,!8(**&$,*,!" F,G0(.&!"H b C
<&%&*E"%, 89,!8(**&$,*,!" F8#!(*'!&",)%H S0 2.25MPa
 !"# I>C J <%(0%'#"#. *&"#%'&) 0()% )! &44'&$, 89&4)*'!')* KCLM >
 !"#$%$&'!( )*' +%!&' (&,*$-. )* /!-#0$1*
N& .'*)4&"'(! !)*#%'+), 8) /&. 8, "%&/"'(! & #"# ,ﬀ,/")#, ,! )"'4'.&!" 4,. "%('. !'7,&)G
8, /()04&$, 8#ﬁ!'. 0%#/#8,**,!"> N& ﬁ$)%, I>C? %,0%#.,!", 4,. /()%3,. D(%/,Q8#04&/,*,!"
(3",!),. 8&!. 4,. "%('. /&.>
F&H F3H
$%&# I>C? J N,. /()%3,. D(%/,Q8#04&/,*,!" R F&H /(*0&%&'.(! ,!"%, 4,. !'7,&)G 8, /()04&$,
D(%" ," '!",%*#8'&'%,S ," F3H ,!"%, 4,. !'7,&)G 8, /()04&$, D(%" ," D&'34,>
N9#7(4)"'(! 8, 49,!8(**&$,*,!" ,! D(!/"'(! 8, 4& 8#D(%*&"'(! 04&."'+), &) /,!"%, 8,
49#0%()7,"", ,." %,0%#.,!"#, .)% 4,. ﬁ$)%,. F I>CLH ," F I>CTH>
TL
 !"#$%&"'(! !)*#%'+),
 !"# -./0 1 2&%'&"'(! 3, 45,!3(**&$,*,!" ,! 6(!7"'(! 3, 4& 3#6(%*&"'(! 84&9"'+), &) 7,!"%,
3, 45#8%():,"", ; 7(*8&%&'9(! ,!"%, 4,9 !':,&)< 3, 7()84&$, 6(%" ," '!",%*#3'&'%,.
 !"# -./= 1 2&%'&"'(! 3, 45,!3(**&$,*,!" ,! 6(!7"'(! 3, 4& 3#6(%*&"'(! 84&9"'+), &) 7,!"%,
3, 45#8%():,"", ; 7(*8&%&'9(! ,!"%, 4,9 !':,&)< 3, 7()84&$, 6(%" ," 6&'>4,.
?,9 !':,&)< 3, 7()84&$, 6(%" ," '!",%*#3'&'%, 3(!!,!" 3,9 %#9)4"&"9 &99,@ 8%(7A,9B ," 4,9
7()%>,9 6(%7,C3#84&7,*,!" ," ,!3(**&$,*,!"C3#6(%*&"'(! 84&9"'+),B (>",!),9 8()% 7,9 3,)<
==
 !"#$%&"'(! !)*#%'+),
!'-,&). /, 0()12&$,3 4(!" 1%&"'+),*,!" '/,!"'+),45 6) 0(!"%&'%,3 (! !(", )!, 2#$7%, /'ﬀ#%,!0,
&-,0 2,4 0()%9,4 (9",!),4 1&% 2, !'-,&) :&'92, /, 0()12&$,5 ;! ,ﬀ,"3 2& 0(*1&%&'4(! /, 2<#-(2)=
"'(! /, 2<,!/(**&$,*,!" ,! :(!0"'(! /, 2& /#:(%*&"'(! 12&4"'+), 1()% 2,4 !'-,&). /, 0()12&$,
:(%" ," :&'92, &) 0,!"%, /, 2<#1%()-,"", >ﬁ$)%, @5AB C *(!"%, +), 2<#-(2)"'(! /, 2<,!/(**&$,=
*,!" ,4" *('!4 %&1'/, &-,0 )! 0()12&$, :&'92,5 D,2& 4, "%&/)'" 1&% )! &/()0'44,*,!" *('!4
'*1(%"&!" &-,0 2, !'-,&) /, 0()12&$, :&'92,3 ," 0(!/)'" /(!0 E )!, 0F)", /,4 0(!"%&'!",4 *('!4
%&1'/, &-,0 0, !'-,&) /, 0()12&$, >ﬁ$)%, @5AG >9CC5
 !" #$#%#&' ( %) *# +,'&# )&#-" &!./-,!%%!
6ﬁ! /<#-&2),% 2<#-,!"),22, 4,!4'9'2'"# E 2& /'40%#"'4&"'(! ",*1(%,22, /,4 /'ﬀ#%,!"4 !'-,&).
/, 0()12&$,3 !()4 &-(!4 ,ﬀ,0")# 2,4 *H*,4 4'*)2&"'(!4 &-,0 /,). 1&4 /, ",*14 /'ﬀ#%,!"4 ∆t1
," ∆t2 1()% 0F&+), !'-,&) /, 0()12&$,5 I& ﬁ$)%, @5AJ %,1%#4,!", 2,4 0()%9,4 :(%0,=/#12&0,*,!"




 !"# @5AJ K I,4 0()%9,4 :(%0,=/#12&0,*,!" (9",!),4 &-,0 /,). 1&4 /, ",*14 /'ﬀ#%,!"4 >∆t1 =
1.10−2sC &!/ >∆t2 = 5.10−3s C 1()% 2,4 "%('4 !'-,&). /, 0()12&$,5
L! 1,)" !(",% >ﬁ$)%, @5AJC +), 2,4 !'-,&). /, 0()12&$, :(%" ," '!",%*#/'&'%, 4(!" '!=
4,!4'92,4 E 2& /'40%#"'4&"'(! ",*1(%,22,5 6) 0(!"%&'%,3 &-,0 2, !'-,&) /, 0()12&$, :&'92, (!
%,*&%+), )!, /#1,!/&!0, 4'$!'ﬁ0&"'-, E 2& /'40%#"'4&"'(! ",*1(%,22, E 2& ﬁ! /, 2<,44&' !)*#=
%'+), (M 2<&/()0'44,*,!" '!ﬂ),!0, :(%",*,!" 2& 0()%9, :(%0,=/#12&0,*,!"5 6ﬁ! /<#-'",% 0,2&3
BJ
 !"#$%&"'(! !)*#%'+),
)! -&. /, ",*-. .)ﬃ.&**,!" -,"'" ,." !#1,..&'%, 2(%. /, 23)"'2'.&"'(! /, 1, !'4,&) /, 1()-2&$,5
 !""#$%&'(#)
6, 1()-2&$, 7&'82, ,." .,!.'82, &) -&. /, /'.1%#"'.&"'(! ",*-(%,22,5 9! ,ﬀ,"; 2& 4&%'&82,
/3,!/(**&$,*,!" !3,." *'., < =()% +)3< 2& ﬁ! /, 1?&+), '!1%#*,!" /, ",*-.5 63)"'2'.&"'(!
/3)! -&. /, ",*-. #2,4# 1(!/)'" < )!, .().@,."'*&"'(! /, 23#4(2)"'(! /, 23,!/(**&$,*,!" &)
1()%. /3)! '!1%#*,!"5 A,2& ., "%&/)'" .)% 2& 1()%8, 7(%1,@/#-2&1,*,!" -&% )! &/()1'..,*,!"
*('!. '*-(%"&!"; &4,1 2, -&. /, ",*-. .)-#%',)% B∆t1C; &4&!" 2& -?&., 1%'"'+),5 63)"'2'.&"'(!
/, 1, "D-, /, 1()-2&$, %,+)',%" /(!1 )! -&. /, ",*-. .)ﬃ.&**,!" -,"'"5
A, !'4,&) /, 1()-2&$, %,.", 1,-,!/&!" *('!. 1(E",)F ,! ",*-. /, 1&21)2; ," -2). 7&1'2, <
'*-2#*,!",%5
6, 1()-2&$, 7(%" !#1,..'", )!, '!"#$%&"'(! 2(1&2, .)% 1?&+), #2#*,!" B-()% 2& /'.1%#"'.&"'(!
#2#*,!". ﬁ!'. P 1
+
/P 1 C /3)! .D."G*, /3#+)&"'(!. !(! 2'!#&'%,. &4,1 /,)F '!1(!!),.5 A,2& '*@
-2'+), )!, '!"#$%&"'(! -2). 1(E",)., -&% %&--(%" < 2& %#.(2)"'(! /3)!, .,)2, #+)&"'(! &4,1 2,.
/,)F &)"%,. !'4,&)F /, 1()-2&$,5
6, !'4,&) /, 1()-2&$, '!",%*#/'&'%, ,." 1(!.'/#%# 1(**, )!, .(2)"'(! &2",%!&"'4,5  2 -,%@
*," /, -&22',% &)F '!1(!4#!',!". /,. /,)F &)"%,. !'4,&)F /, 1()-2&$,5 9! ,ﬀ,"; /3)!, -&%";
23?D-("?G., .'*-2'ﬁ1&"%'1, /3'!"#$%,% )!, .,)2, #+)&"'(! -,%*," /, %#/)'%, 2, ",*-. /, 1&21)2
/, 23'!"#$%&"'(! 2(1&2, -&% %&--(%" &) !'4,&) /, 1()-2&$, 7(%"5 H3&)"%, -&%"; 2& *'., < =()% /,
2& 4&%'&82, /3,!/(**&$,*,!" < 1?&+), '"#%&"'(! /,  !"#$%&'()*+$% &*#2'(%, 2& -%#1'.'(! /,
23&--%(F'*&"'(! /, 2& 2(' /, 1(*-(%",*,!" -&% %&--(%" &) !'4,&) /, 1()-2&$, 7&'82,5  2 ,."
*('!. .,!.'82, < 2& /'.1%#"'.&"'(! ",*-(%,22,; ," !, !#1,..'", -&. )! -&. /, ",*-. "%G. -,"'"




-&!. /, /0&1'"%, !(). &2(!. 3#2,4(11# 3,. ()"'4. !)*#%'+),. !#/,..&'%,. 1()% 4, /&4/)4 3,
."%)/")%, &2,/ ,!3(**&$,*,!" 3&!. 4& 4'5%&'%',  !"#!$6 7,. 3#2,4(11,*,!". ., ./'!3,!" ,!
3,)8 1&%"',. 9 4:'!"#$%&"'(! 3, 4& 4(' 3, /(*1(%",*,!" !(! 4'!#&'%, ," 4& %#.(4)"'(! $4(5&4, 3,
4:#+)'4'5%, *#/&!'+), 1&% 4& *#"0(3, 3,. #4#*,!". ﬁ!'.6
<(). &2(!. 1%#.,!"# )!, =(%*)4&"'(! 2&%'&"'(!!,44, *'8", 2'",.., 1%,..'(! ," 4:&11%(8'*&>
"'(! #4#*,!". ﬁ!'. 1&% )!, 3'./%#"'.&"'(! P1+/P1 .&"'.=&'.&!" 4& /(!3'"'(! 3, /(*1&"'5'4'"#6
<(). &2(!. ,81(.# 4:'!"#$%&"'(! !)*#%'+), 4(/&4, 3, 4& 4(' 3, /(*1(%",*,!"? ," !(). &2(!.
#"&54' )!, *&"%'/, "&!$,!", 3#2'&"(%'+), /(0#%,!", &2,/ 4, ./0#*& !)*#%'+),6 7,. 3#2,4(1>
1,*,!". (!" #"# '!"#$%#. @ 4& 4'5%&'%',  !"#!$ 1()% 4:&3&1",% &) /&4/)4 3, ."%)/")%, &2,/ 3,.
4('. 3, /(*1(%",*,!" #4&."(14&."'+),. ,!3(**&$,&54,.6
A,. 3#2,4(11,*,!". ,ﬀ,/")#. (!" #"# '!'"'&4,*,!" 2&4'3#. 3&!. 4, /&3%, 3, 4:#4&."'/'"# 4'>
!#&'%,6 A, /&. ",." 3, 4& 14&+), "%()#, & 1,%*'. 4:#")3, 3, 4:,%%,)% 3:&11%(8'*&"'(! 1&% /(*>
1&%&'.(! &2,/ 4& .(4)"'(! &!&4C"'+),6 A& /(%%#4&"'(! &2,/ 4,. %#.)4"&". "0#(%'+),. .:,." &2#%#,
"%D. 5(!!,6
A& 2&4'3&"'(! 3&!. 4, /&. 3:)!, 4(' #4&."(14&."'+), & #"# ,ﬀ,/")#, .)% 4, /&. ",." 3:)! ")5,
'!ﬁ!' .(). 1%,..'(! '!",%!,6 A& /(*1&%&'.(! 3, 4& .(4)"'(! &!&4C"'+), ," 4& .(4)"'(! &11%(/0#,
1&% #4#*,!". ﬁ!'. & 1%()2# 4:,ﬃ/&/'"# ," 4& 1%#/'.'(! 3, !("%, *(3D4, 1()% /, "C1, 3, /(*>
1(%",*,!"6
7,. 2&4'3&"'(!. 3&!. 4, /&3%, 3, 4:#4&."'/'"# ," 3, 4:#4&."(14&."'/'"# (!" #"# /(!/4)&!",. ,"
(!" 1,%*'. 3:&2('% )!, &..)%&!/, 1()% 4, 1&..&$, &)8 4('. 3, /(*1(%",*,!" ,!3(**&$,&54,.6
A& 1%#3'/"'(! 3, 4:,!3(**&$,*,!" 1&% )!, &11%(8'*&"'(! #4#*,!". ﬁ!'. !#/,..'", )!,
%#$)4&%'.&"'(! 3,. 10#!(*D!,. 3:&3()/'..,*,!" ," 3, 4(/&4'.&"'(! '!3)'". 1&% 4:,!3(**&$,>
*,!"6 F2&!" 3:&5(%3,% /,. &.1,/". 3&!. 4, /0&1'"%, .)'2&!"? !(). &2(!. %#&4'.# ," 1%#.,!"#
)!, #")3, /(*1&%&"'2, 3, "%('. !'2,&)8 3, /()14&$, !)*#%'+), 4(%. 3, 4:'!"#$%&"'(! 3, 4& 4('
/(!."'")"'2,6 7,"", #")3, & *(!"%# +), 4:)"'4'.&"'(! 3) !'2,&) .'*14'ﬁ#? /()14&$, =&'54,? !:,."
1(..'54, +), .' 4, 1&. ",*1. ,." .)ﬃ.&**,!" 1,"'"6
GH
 !"#$%&' (
 !"#$% "&%'"!(()*%(%'+ '!' $!,)$
 !""#$%&
 !" #$%&'()*%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,-
 !. /01$'23$4 (56(')*+77424$% ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,"
 ! /01$'23$4 (4 8'*68+76%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,"
 !9 :'(3847 (4 &1;)86&+76%+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! , 
 !< :'(384 (54$('226;424$% $'$ 8'*68 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! , 
 !"!# $%&'()*+,%- ,-+./&*)0 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 1"
 !"!2 $%&'()*+,%- 3 /&*4,0-+ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 11
 !"! 566&%7,'*+,%- .).'0-+8 ﬁ-,8 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! 1:
 !, =')>86;4 (4 854$('226;424$% $'$ 8'*68 6?4* 86 8'+ (4 *'2>'&@
%424$% ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ,A
 !B :'(18+76%+'$ (4 86 &)>%)&4 ()*%+84 C 18+2+$6%+'$ (47 18124$%7
*'2>83%424$% 4$('226;17 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! B-
 !D EF42>847 $)21&+G)47 ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! B 
 !A ='$*8)7+'$ ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! BD
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